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LETTER TO THE EDITOR 

The ZD Ising ferromagnet: spreading of damage and its 
conjugate field 

Francisco A Tamaritt and Ladkio Da Silva$ 
Centro Brasileiro de Pesquisas Flsicas, Rua Xavier Sigaud 150,22290-180 Rio de Janeiro, RJ. 
Brazil 

Received 17 August 1994 

Absbact We study, thmugh numerical simulations, the spreading of damage on the bi- 
dimensional ferromagnetic Ising model submitted m a new kind of extemal field h recently 
inmduced in the literature in the context of cellular automata. The field h is defined as the 
frequency al which different random numbers are used for updating the two replicas. We show 
thai h is the conjugate field to the Hamming distance. i.e. it deshoys the dynamical continous 
transition observed at h = 0, and the associated susceptibility diverges al the critical temperature. 

In the last few years, the technique of spreading of damage has been applied to a great 
variety of models, reflecting its increasing relevance. Although it was originally introduced 
to study sensitivity to initial conditions in complex systems, this technique has also proved to 
be a very useful tool in the study of magnetic systems [1-14]. It allows one to get valuable 
information about the phase-space structure of unsolved models, like short-range spin glasses 
[7-91. On the other hand, it provides a powerful method for calculating numerically the 
magnetic susceptibility of king-like systems [l I]. 

The main idea of this technique consists in measuring the time evolution of the Hamming 
distance (the damage) 

between two different configurations {S) and (S'), submitted to the same thermal noise, i.e. 
using the same sequence of random numbers for updating the spins in the Monte Carlo 
simulations. The dependence of the final Hamming distance on the temperature of the 
system and on any other relevant parameter, allows us to consrruct a dynamical phase 
diagram which usually depends on the specific stochastic process used to implement the 
simulation (heat bath, Metropolis, Glauber, generalized dynamics 1151, etc). When the final 
Hamming distance is non-zero, we say that the system is in a chnotic phase, since it displays 
sensitivity to the initial conditions. When the final Hamming distance is zero, we say that 
the system is in afrozen phase. Numerical simulations of a great variety of magnetic models 
suggest a strong correlation between dynamical and thermodynamical phase transitions, but 
due to the lack of a general theory for the spreading of damage one cannot assume that they 
will necessarily agree. 
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One of the most studied magnetic systems through this technique is the two-dimensional 
ferromagnetic Ising model with nearest-neighbour interactions. Since it possesses a non- 
trivial thermodynamical behaviour which has already been solved exactly and, on the 
other hand, can be simulated numerically on any conventional computer, it emerges as the 
ideal prototype to study correlations between the static and dynamical transitions. When 
the simulations are implemented with a heat bath stochastic process, the system displays 
a low-temperature chaotic phase (in which the final Hamming distance depends on the 
initial damage) and a high-temperature non-chnoatic phase. The corresponding critical 
temperature Td agrees with the critical temperature associated with the ferro-paramagnetic 
thermodynamical transition kBT, f J  - 2.269 [7]. The transition is a continuous one and the 
corresponding order' parameter is the long time asymptotic value of the Hamming distance 
(damage) D between the two replicas of the system. 

When an external magnetic field B is applied to the system, we know that: (i) the 
thermodynamical phase transition is destroyed. i.e. the long time asympotic value of the 
order parameter (the magnetization) is non-zero for any finite temperature, and (ii) the 
zero-field magnetic susceptibility xm defined as 

diverges at the critical temperature T, where the continuous transition occurs. We then say 
that B is the conjugate field of the order parameter. When the same external magnetic 
field is applied in the study of the damage spreading a different behaviour emerges, and the 
transition persists [3]. One can so conclude that B is not the conjugate field associated with 
the Hamming distance. 

In a recent work Tsallis and Maqins 1161 introduced a new kind of external field h ,  
defined as the frequency at which distinct random numbers are used to update the two 
replicas. Their study was restricted to the phase diagram of the Domany-Kinzel cellular 
automaton. They defined a new susceptibility 

associated with the damage D. They studied, through numerical simulations, the behaviour 
of both D and Xd. and proved that conditions (i) and (ii), expressed above, are satisfied, 
that is, h is the conjugate field associated with the order parameter D. 

In this work we try to answer the question of whether this definition can be extended to 
magnetic systems, i.e. whether h can be considered the conjugate field associated with the 
chaotionon-chaotic dynamical transition observed in the twodimensional ferromagnetic 
Ising model. We use the same definition introduced in [I61 for the zero-field susceptibility 
associated to D (equation (3)). We study the behaviour of the system when ruled by a 
sequential heat bath Monte Carlo process. At any time t ,  a site is chosen randomly and its 
spin updated accordingly to the following rule: 

t 1 with probabiIity [ 1 + e-ZP*l]-' 
-1 with probability [1 t e+*p*r]-' 

Si(t t at) = (4) 

where hi is the local field at site i at time t ,  
M 
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Figure 1. Spreading of damage (D) versus !Q Tf J for N = M and h = 0 (full circles), h = 0.03 
(open triangles) and h = 0.05 (full hiangles). 

and (ksT)-'. Since the updating is done sequentially, the natural scale for the Monte 
Carlo step is dt = 1 / N .  Starting from a previously thermalized configuration of the system 
Si(O), we make a copy Si(0) of it in which each spin can be inverted with probability 4 
(D(0)  = 4 + O(l/q%)).  Then, we let both configurations evolve, updating them with 
different random numbers with probability h and with the same random numbers with 
probability (1 - h ) .  After a transient, we measure the time average of D over a fixed 
number t of Monte Carlo steps (MCS) which depends on the size of the system. At a given 
temperature, the same procedure is repeated M times with different initial configurations 
and random sequences in order to get the mean value of the damage ( D ) .  In our simulations 
we worked with L x L systems of linear size 64, t = 5000 and M = 1000. Due to the 
lack of an equivalent to the fluctuation-dissipation theorem for the damage, we obtain the 
zero-field susceptibility by calculating the damage for several small values of h (0.03, 0.05 
and 0.10) and then deriving (D) with respect to h. Although this procedure may reduce the 
accuracy of the results, the main feature of the curve, that is, its divergent tendency at rd 
can be observed anyway. 

In figure 1 we present the behaviour of (D) as a function of the temperature T of the 
system, for h = 0, 0.03, and 0.05. Note that the field h destroys the continous phase 
transition observed for h = 0. Figure 2 displays the zero-field susceptibility x d  versus T 
for different values of the field ( h  = 0.03 and 0.05). Note that it tends to diverge near the 
corresponding critical temperature as h + 0, thus confirming that h is the conjugate field 
associated to D.  It is important here to stress that we concentrated our effort on observing 
the behaviour of the system when submitted to the field h, instead of hying to improve 
the zero-field result (via a finite-size effects study), since this last point has already been 
carefully studied [7]. 

Summarizing, in this work we have proved that the external field h, inhoduced by 
Tsallis and Martins [I61 and defined as the frequency at which different random numbers 
are used in the updating of the two replicas. is the conjugatefield associated to the Hamming 
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Figure 2. The susceptibility ~d versus L T l J  for N = €4 and h = 0.03 (full circles) and 0.05 
(open triangles). 

distance. The present evidence is consistent with the mean-field results obtained in [17] for 
the Domany-Kinzel cellular automaton. It would be very interesting to obtain an equivalent 
version of the diffusion-dissipation theorem from which one could calculate with more 
accuracy, and more easily, the associated zero-field susceptibility. Although our study is 
restricted to the bi-dimensional ferromagnetic king model, we believe that this result can 
be extended to any transition observed through the technique of spreading of damage. 

We acknowledge fruitful discussions with C Tsallis, M L Martins and D A Stariolo. We 
also thank CNPq (Brazil) for financial support. Part of the simulation was carried out on a 
Cray Y-MPZE of the Supercomputing'Center at UFRGS. 
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